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A new Modiﬁed Displacement Component (MDC) method is proposed to accurately predict wrinkling
characteristics in the membrane by eliminating the singularity of the displacement solution. In MDC
method, a singular displacement component is primarily obtained at the wrinkling point by introducing
the ﬁrst-order characteristic vector multiplied by a positive intermediate parameter in the singular stiff-
ness matrix. The non-singularity displacement solution is then obtained by modifying the singular dis-
placement component based on three equality relationships at the wrinkling point. Where, the
accurate introduction and the timely removal of the critical wrinkling mode are two key steps. In our sim-
ulation, we use a direct perturbed method to accurately consider these two key steps. In the direct per-
turbed method, some small, quantitative, out-of-plane forces are applied onto the membrane surface
directly based on the ﬁrst wrinkling mode, and then removed immediately after wrinkling starts. Several
effective strategies are then used to advance the convergence. A wrinkling test using photogrammetry is
used to verify the validity of our method. In addition, we also studied the secondary wrinkling character-
istics occurred in the post-wrinkling phase in the end. The secondary wrinkling characteristics are the
basic explanations of the wrinkling expansion and evolution in the post-wrinkling phase.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Membranes stretched in tension are found in a variety of large
gossamer space structures (Jenkins, 2001) in order to meet the
requirement of future space exploration missions, including the
James Webb Space Telescope (JWST) (Formerly called the Next
Generation Space Telescope (NGST)) shield, solar sails, and space
inﬂatable antenna reﬂectors (Wang et al., 2006a) (as shown in
Fig. 1). Due to the effects of air damping and gravity, it is difﬁcult
to verify in-orbit space performance of the gossamer spacecraft
by ground testing. Thus, the necessary veriﬁcation must rely on
the effective computational capabilities.
The typical material of the gossamer space structures is a ﬂex-
ible membrane. The membranes have little compression and bend-
ing resistance, and therefore are easy to wrinkle. Membrane
wrinkling may signiﬁcantly affect the performance and reliability
of the ﬂexible gossamer space structures, and thus has been a re-
search topic of continued interests. In the literatures, there are
mainly three types of wrinkling analytical models: (a) membrane
model with zero bending stiffness; (b) thin plate or thin shell modelll rights reserved.
tstanding Young Teachers in
. This project was granted
undation, 20070420163 and
project, 200801290.
x: +86 451 86402368.with small but nonzero bending stiffness; (c) explicit time integra-
tion method.
The membrane model of wrinkling analysis is attributed to
Wagner (1929). He introduced a suitable solid mechanics model
known as the Tension Field Theory (TFT) for analyzing membrane
structures under the wrinkling condition. TFT theory is based on
the assumption that wrinkles are formed in the direction of the lo-
cal major principal stress. In the wrinkled region, the minor princi-
pal stress perpendicular to the load path is zero (Jenkins, 2006).
Based upon this theory, different techniques have been introduced
for the wrinkling analysis of membrane, which can be categorized
into two major groups: (i) deformation tensor modiﬁcation (Rodd-
eman et al., 1987; Kang and Im, 1997; Lu et al., 2001; Nakashino
and Natori, 2003); (ii) stiffness/compliance modiﬁcation (Miller
et al., 1985;Stein and Hedgepeth, 1961;Mikulas, 1963;Liu et al.,
2001;Lou et al., 2004).
The deformation tensor modiﬁcation method was presented by
Roddeman et al. (1987). In his method, the stress and strain states
of the wrinkled membrane can be determined by substituting a
modiﬁed deformation tensor in the constitutive equation. The
deformation tensor has been modiﬁed so that the stress ﬁeld in
the wrinkled regions is consistent with the TFT. Kang and Im
(1997) presented a new scheme to ﬁnd the wrinkling direction,
which is basically consistent with Roddeman’s method. Lu et al.
(2001) reformulated Roddeman’s model using the curvilinear coor-
dinates, where the wrinkling direction was derived by determining
Nomenclature
KT tangential stiffness matrix
KTcr critical tangential stiffness matrix
KT modiﬁed critical tangential stiffness matrix
u true solution of the original equation
u* modiﬁed displacement solution
u/ wrinkling mode
Du tangential displacement increment
a imperfection scaling
b modiﬁed parameter
/ the ﬁrst-order characteristic vector, wrinkling mode
/cr critical wrinkling mode
o() higher-order inﬁnitesimal
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scheme of the elastic tensor consistent with Roddeman’s model. In
this scheme, the wrinkling direction was determined ﬁrst, and then
the elastic tensor was modiﬁed in the wrinkling direction. The
stiffness/compliance modiﬁcation method was ﬁrst elaborately
described by Miller et al. (1985) in 1985. They introduced a ‘‘vari-
able Poisson ratio” to modify the stiffness matrix in the wrinkled
region, and use this to study partly wrinkled ﬂat membranes.
Based upon this method, Stein and Hedgepeth (1961) did detailed
analysis of partly wrinkled rectangular membranes, and Mikulas
(1963) extend this work, providing experimental details for an
annulus stretched membrane wrinkled by rotation of a center
hub. Liu et al. (2001) presented the penalty parameter method to
study the membrane wrinkling. The penalty parameter was used
to assign a near-zero stiffness in the minimum principal stress
direction to avoid the singularity problem in the stiffness matrix.
Lou et al. (2004) respectively used two analytical methods, the
distributed transfer function method and the parameter-varia-
tion-principle method, to analyze the compressive load of the
inﬂated boom and the membrane wrinkling of the solar sails. They
focus on the analysis of the formation and structural effects of
wrinkles.
The region and direction are major results from membrane
models while it is impossible for such model to obtain the detailed
wrinkling information, such as wrinkling amplitude, wrinkling
wavelength and wrinkling numbers. To enable the computational
modeling of detailed wrinkling deformations, both membrane and
bending stiffness must be considered in the analytical model based
on geometrically nonlinear analysis with large displacements and
rotations. Departing from the classical TFT, several recent computa-
tional studies have employed geometrically nonlinear shell ﬁnite
element models (Leifer and Belvin, 2003; Tessler et al., 2005; Wong
and Pellegrino, 2006; Su et al., 2003; Wang et al., 2006b). Leifer andFig. 1. Space inﬂatable reﬂector model.Belvin (2003) performed a numerical analysis of membrane
wrinkling in a rectangular membrane under shearing load, where
the membrane was modeled as a thin shell with a near-zero stiff-
ness. Tessler et al. (2005) carried out the wrinkling analysis of
membranes using nonlinear shell modeling. Wrinkling formation
in membranes was studied for in-plane shear loading and symmet-
ric corner tensile loading. Wong and Pellegrino (2006) performed
the prediction of thewrinklingwavelength and amplitude in square
solar sails. Su et al. (2003) performed buckling solutions and nonlin-
ear post-buckling solutions for wrinkling analysis of a tensioned
Kapton square membrane. Wang et al. (2006b) used a nonlinear
buckling ﬁnite element model incorporated in nonlinear FE codes
to study the membrane wrinkling in a circular annulus membrane
under inner in-plane torsions. A complete survey of the membrane
wrinkling literature was given by Du et al. (2006) and Jenkins
(2006).
Although the above two methods adopt different solution
schemes, both show the same effective results. There is no contra-
diction between these two methods, only the solution scheme is
different. In fact, we can treat the TFT scheme as a typical case in
which the bending stiffness is zero. The above two methods are
both the static scheme, they can not obtain the wrinkling dynamic
deﬂections with time. For example, the wrinkles in the inﬂatable
structures are not the static deformation; they vary with the inﬂa-
tion and the time. For this case, we need to adopt the time integra-
tion method to obtain the dynamic wrinkling behaviors (Wang
et al., 2006a). In this method, the time integration scheme can also
do the static calculation when the computational time is inﬁnites-
imal value. Compared with above methods, the solution scheme is
different.
When nonlinear shell model is employed to obtain wrinkling
deformations, a near singular tangent stiffness matrix is often
encountered, which may result in poor convergence. Quasi-static
modeling (Wang et al., 2004) with explicit time integration is an
alternative method, which does not require the inversion of a near
singular matrix. The drawback to employing this method is that
very small time steps are required to maintain accuracy and algo-
rithm stability. That is to say that this method is computationally
intensive.
Existing ﬁnite-element-based analytical methods are ineffective
in treating membrane wrinkling due to the inevitable convergence
problems and the inaccurate predictions of the wrinkling evolu-
tion, including the above tension ﬁeld scheme and the thin shell
simulations. In these schemes, the stiffness matrix was modiﬁed
to study the wrinkling in-plane and out-of-plane behaviors when
wrinkles exist. Thus, they are inevitable to meet with the conver-
gence problem. In the tension ﬁeld scheme, the in-plane wrinkling
stress and direction can be obtained by modifying the stiffness
matrix. Where, the initial prestress and a surface element with
small bending stiffness are introduced to meet the convergence.
However, there is no out-of-plane wrinkling information in the
TFT scheme. In the thin-shell scheme, the wrinkling computation
and simulation are based on the post-buckling ﬁnite element anal-
ysis incorporated in nonlinear ﬁnite element codes. In this scheme,
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to model the membranes. The post-buckling analysis is performed
by introducing the initial imperfections. However, this scheme is
used to instigate out-of-plane wrinkling deformation with ran-
dom geometrical imperfections. These imperfections are gener-
ated from an eigenvalue buckling analysis, and they are directly
introduced into the post-buckling analytical model by multiplying
a scale factor. These imperfections can not be removed from the
analytical model, and the inﬂuences of these imperfections on
the post-wrinkling behaviors were not eliminated. Furthermore,
the distributed transfer function method is as versatile as the
ﬁnite element method in modeling structural behaviors. A major
difference is that the ﬁnite element method uses shape functions
to analytically represent the elements, while the distributed
transfer function method uses distributed transfer functions to
represent the components. Wrinkling is a local buckling phenom-
enon introduced by uneven tensioning or shearing of the mem-
brane, which cannot be accurately determined according to this
scheme.
To overcome above problems, we present a new Modiﬁed Dis-
placement Component (MDC) method to accurately model mem-
brane wrinkling. The basic issue of membrane wrinkling is to
eliminate the singularity of the stiffness matrix, which can be ob-
served in all schemes. This basic problem has to be solved in order
to accurately predict membrane wrinkling. The MDC method pre-
sented in our paper is based on the idea of the elimination of the
singularity of the stiffness matrix. This idea is same with the other
researchers. However, we adopt another different scheme to do the
wrinkling analysis, although it looks like the thin plate/shell
scheme. More precisely, our method is the effective extension of
the thin plate/shell scheme. In our method, we do not deal with
the singularity of the stiffness matrix directly. For the wrinkles,
the stiffness is the nonlinear function of the displacements. Thus,
we convert this process into the elimination of the singularity of
the displacement component.
In our method, we introduced a positive parameter and three
equality relationships at the wrinkling point to modify our stiffness
matrix, and further converted the elimination of the singularity of
the stiffness matrix into the equivalent elimination of the singular-
ity of the displacement component. Then, we directly modiﬁed the
singular displacement component corresponding to the wrinkling
to obtain the nonsingular displacement solution. The critical wrin-
kling mode (as an imperfection) is critical to obtain the nonsingu-
lar displacement solution accurately. It should be quantitatively
introduced into the analytical model to induce the occurrence of
the wrinkles. Then it should be removed from the model immedi-
ately, lest it should inﬂuence the post-wrinkling characteristics. In
our simulation, a direct perturbed method is adopted to generate
the imperfection in order to be easily introduced and removed
from the model. In the direct perturbed method, some small out-
of-plane forces are applied onto the membrane surface directly
based on the ﬁrst buckling mode, and then removed immediately
as the analysis progressed. Several effective strategies are intro-
duced to wrinkling numerical calculation to advance the conver-
gence. A wrinkling test using photogrammetry (Wang et al.,
2006c) is used to verify the validity of our method. In our method,
we introduced the quantitative imperfections and then removed
them which are different from Wong’s work (2006). In addition,
the imperfections are not random or arbitrary and removed in a
timely fashion after the wrinkling starts which are different from
Leifer’s work (2003).
In addition, we ﬁnd a secondary wrinkling phenomenon in the
post-wrinkling progress. It relates to the evolution of the ‘‘old”
wrinkles and the occurrence of the ‘‘new” wrinkles. And it reﬂects
the wrinkling mode jumping. The secondary wrinkling mainly
occurs in the boundaries of two adjacent wrinkling regions andextends into the non-uniform tension regions to form the ‘‘new”
wrinkles. The secondary wrinkling phenomenon and its evolution
are studied in the end.
2. Modiﬁed displacement component method
At the critical wrinkling point, the characteristic equation of a
nonlinear buckling analysis has the following relationship
KTcr/cr ¼ 0 ð1Þ
where, KTcr is the critical tangential stiffness matrix, and /cr is the
critical wrinkling mode. Such a relationship is the problem causing
singularity of the stiffness matrix. We have to perform our analysis
into the post-wrinkling phase to obtain the wrinkling characteris-
tics because the wrinkles are formed after the critical wrinkling
point. Therefore, the elimination of the singularity in the post-wrin-
kling analysis is our major task.
According to the characteristic vector space, the elimination of
the singularity of stiffness matrix is mainly focused on the elimina-
tion of the singularity of the ﬁrst-order characteristic vector (Yao
and Han, 1997).
The column vector of the ﬁrst-order characteristic vector is
given by
/ ¼ ð0; 0; . . . ;1ðithÞ; . . . ; 0ÞT ð2Þ
Introducing a parameter b > 0 in the stiffness matrix at the wrin-
kling point, the modiﬁed stiffness matrix is then expressed as
KT ¼ KT þ K/ ¼ KT þ b//T ð3Þ
The modiﬁed wrinkling control equation is further given by
KTu ¼ KTuþ bð/TuÞ/
¼ qþ bð/TuÞ/
ð4Þ
where, q is the loading corresponding to the tangential stiffness ma-
trix, and u is the true solution of the original equation. The item of
ðKTÞ1 is multiplied by all items in the Eq. (4), and then Eq. (4) is fur-
ther expressed as
u ¼ ðKTÞ1qþ bð/TuÞðKTÞ1/
¼ uq þ bð/TuÞu/
ð5Þ
where, u/ is the wrinkling mode, and K

Tu/ ¼ /, KTuq ¼ q.
Next, a vector item /T is multiplied by all items in Eq. (5) and Eq.
(5) can be expressed as
/Tu ¼ /Tuq þ bð/TuÞ/Tu/ ð6Þ
According to the Eq. (6), we can obtain the following expression.
/Tu ¼ /
Tuq
ð1 b/Tu/Þ
ð7Þ
Thus, the displacement solution u can be determined by substitut-
ing Eq. (7) in Eq. (5).
u ¼ uq þ b/
Tuq
1 b/Tu/
u/ ð8Þ
According to Eq. (8), we can observe that there are two parts in the
displacement solution, and the singularity basically occurs at the
right second itemwhen1  b/Tu/ = 0. It is hard toguarantee the solu-
tion accuracy and convergence, so, it is impossible to obtain the dis-
placement solution from Eq. (8) directly. The Eq. (8) will exhibit
high nonlinearity behavior at the critical point due to the singularity
of the displacement component. Thus, the requisite modiﬁcation
should be performed to the singular displacement component and
the accurate introduction of the wrinkling mode is the key issue to
eliminate the singularity of the displacement component.
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eliminating the singularity of stiffness matrix into the elimination
of the singularity of displacement component according to the
analysis above. The elimination of the singularity of displacement
component should meet the following three equality relationships
at the critical wrinkling point. Firstly, for the critical wrinkling
point, the wrinkling mode should be replaced by the ﬁrst-order
mode. So the ﬁrst modiﬁed relationship is given by
u/ ¼ /1 ð9Þ
The ﬁrst wrinkling mode is related to the occurrence of the initial
wrinkle. It can be introduced in our model by using the following
direct perturbed method (in Part3).
However, from the view of the physical meaning, there is no
loading corresponding to the critical wrinkling mode component
when wrinkling occurs. Thus, the function of this wrinkle mode
component must be eliminated in the process of the nonequilibri-
um iteration at the critical point. Otherwise, the numerical error
from this component will be enlarged and directly lead to the
divergence of the computing result. In other words, the force cor-
responding to the critical wrinkling mode should be timely elimi-
nated after the wrinkle is induced (here it is still at the wrinkling
critical point from the critical view point), lest it should inﬂuence
the convergence and the post-wrinkling computation. Thus, we
introduced the second modiﬁed relationship, as follows.
uTu/ ¼ uTqu/ ¼ 0 ð10Þ
This relationship reveals that in the simulation we should timely re-
move the initial imperfections (based on the ﬁrst wrinkling mode)
after the occurrence of the initial wrinkles. Otherwise, these imper-
fections will lead to a wrong understanding on the post-wrinkling
characteristics.
The third relationship can be obtained according to the existence
of the real displacement solution. According to Eq. (8), the singular-
ity will occur when 1  b/Tu/ = 0. Thus, we have to set the corre-
sponding numerator is equal to zero at the wrinkling point in
order to meet the condition of the existence of the displacement
solution. So, the third modiﬁed relationship can be expressed as
/Tuq ¼ ðKTu/ÞTuq ¼ uT/q ¼ 0 ð11Þ
In fact, this condition reveals that the imperfections are not relevant to
the displacement component of the external loadings at the wrinkling
point. Thus, this condition can also be used to obtain an explanation of
allowing eliminating the imperfections in the model directly.
Next,wewill use these three relationships to eliminate the singu-
larity of the displacement component. In Eq. (8),we assume the item
b/T uq
1b/Tu/
as a real constant C. Thus, the Eq. (8) can be rewritten as
u uq ¼ Cu/ ð12Þ
Further given as
uT  uTq ¼ CuT/ ð13Þ
The wrinkling mode u/ is then multiplied by all items in Eq. (13),
and then Eq. (13) is represented by
uTu/  uTqu/ ¼ CuT/u/ ð14Þ
According to Eq. (14), we can determine the constant C.
C ¼ u
Tu/  uTqu/
uT/u/
ð15Þ
According to the above assumption
b/Tuq
1 b/Tu/
¼ C, we have
uTu/  uTqu/
uT/u/
¼ b/
Tuq
1 b/Tu/
. Then, by introducing the above second
modiﬁed relationship (Eq. (10)), Eq. (15) is further modiﬁed asC ¼ b/
Tuq
1 b/Tu/
¼ u
T
qu/
uT/u/
ð16Þ
According to this description of the constant C (Eq. (16)), we observe
that uT/u/ > 0. Thus, we obtain a nonsingular displacement compo-
nent Cu/. That is to say, we eliminate the singularity of the initial
singular displacement component. Then, the nonsingular displace-
ment solution u*can be obtained by substituting Eq. (16) in the sec-
ond item of Eq. (8).
u ¼ uq 
uTqu/
uT/u/
u/ ð17Þ
We named this analytical method as Modiﬁed Displacement Com-
ponent (MDC) method. Here the key problem is to accurately intro-
duce the wrinkling mode, and remove it in a timely fashion.
On the whole, Eq. (1) is used to explain the key problem in the
wrinkling analysis, which is the problem of the singularity of the
stiffness matrix. In other words, we need complete the wrinkling
analysis by eliminating the singularity of the stiffness matrix at
the wrinkling point. In our work, we showed that the key to the
elimination of the singularity of the stiffness matrix is to eliminate
the singularity of the ﬁrst-order characteristic vector. The ﬁrst-or-
der characteristic vector corresponds to the critical wrinkling
mode at the wrinkling point.
A wrinkle is a typical nonlinear large deﬂection, thus, the stiff-
ness (with wrinkles) is the nonlinear function of the displacement.
It is very difﬁcult to deal with the stiffness to complete the wrin-
kling computation. We think that it is better to account for the dis-
placement instead of modifying straightly the stiffness at the
wrinkling point. In fact, the displacement is also singular at the
wrinkling point.
According to the description of the Eqs. (2)–(8), we showed the
analytical idea of our method in the transformation of the modiﬁed
items. That is, we paid more attention to the elimination of the
ﬁrst-order characteristic vector. According to the description, we
converted the problem of the elimination of the singularity of the
stiffness matrix into a problem of the elimination of the singularity
of the displacement solution. Displacement is the relative visual/
apparent parameter of the stiffness, and the displacement can be
easily modiﬁed.
Eqs. (9)–(11) are the conditions which are used to meet the
physical meaning of the model and the existing of the displace-
ment solution. They are also the key equations which are used to
eliminate the singular displacement solution. The detailed process
is shown in Eqs. (12)–(17). The item u/ is the key parameter which
is the critical wrinkling mode. It is also corresponding to the ﬁrst-
order characteristic vector at the wrinkling point. By introducing
such a speciﬁed parameter, the wrinkle is generated in the mem-
brane. Then, it is timely removed to obtain a nonsingular displace-
ment solution in the post-wrinkling process.
The imperfection is introduced to induce the occurrence of the
wrinkle. Here, the imperfection is mainly related to the critical
wrinkling mode (the ﬁrst wrinkling mode u/), thus the imperfec-
tion is not a random parameter. In other words, the imperfection
in our method is not the linear combinations of many modes,
which is different from the past method. It is a speciﬁed parameter
with speciﬁed amplitude, direction and region. In addition, this
imperfection has to be removed timely after the wrinkle occurs,
lest it inﬂuences the post-wrinkling computation. This is also dif-
ferent with the general wrinkling analysis.
3. Wrinkling numerical computation
The keys to the MDC method are the accurate introduction and
the timely removal of the wrinkle mode. Thus, these two keys in
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simulation. In the past methods, the imperfections are generated
from the ﬁrst wrinkle mode or the combination of the several
modes by multiplying by a scale factor. These imperfections can
not be removed from the model which will inﬂuence the post-
wrinkling behaviors. In order to accurately perform the wrinkling
analysis, we introduce the idea of the MDC method by using the di-
rect perturbed method in the simulation. The basic of the direct
perturbed method is to apply some small out-of-plane forces on
the membrane surface to induce the imperfections, and further
to induce the wrinkle. After that, these imperfections are timely re-
moved from the model by deleting those out-of-plane forces.
Where, we should take care of two key problems. Firstly, the de-
tailed imperfections should be based on the ﬁrst wrinkling mode
which is obtained from an eigenvalue buckling analysis, including
the imperfection amplitude, the imperfection region and the
imperfection direction. In other words, these imperfections gener-
ated by the out-of-plane forces have the quantitative characteris-
tics, and they are not random distributions. Above all, we have a
default rule that the imperfection amplitude should be at the same
magnitude of the membrane thickness. Secondly, the equal num-
bers of positive and negative out-of-plane forces should be applied
on the membrane surface so that the net out-of-plane forces re-
mains equal to zero, which meets the force equilibrium condition
and mainly initiate the analysis into the post-wrinkling phase.
The location of these out-of-plane forces are also based on the ﬁrst
wrinkle mode characteristics. In this respect, the direct perturbed
method is thus restricted to wrinkling modes with an even number
of wrinkle waves, so that they meet the moment equilibrium as
well.
We then apply the MDC method to the wrinkling numerical
simulation codes (ANSYS) by incorporating the direct perturbed
method and the nonlinear post-wrinkling calculation. Although
our method has eliminated the singularity of the stiffness matrix,
we also use several effective strategies to advance the convergence.
The ﬁrst is the introduction of the stress stiffening effect. ThisRead stiffness matrix,st
       and displacement
Define FE model; Mesh; E
Material; Boundary; L
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Fig. 2. Flowchart of wrineffect can deal with the coupling conditions between the in-plane
membrane tension and the out-of-plane wrinkle deﬂection. After
we mesh the elements, this effect is introduced by reducing the
structural temperature. Reducing the temperature to introduce
the stress stiffening effect does not affect the computations, i.e.,
it does not lead to a thermal stress problem. The second is the
introduction of the displacement control technique. The key to this
technique is to use the displacement loadings to substitute the
force loadings. That is to say, we increase the tension displacement
to generate the loading function, which can push the wrinkling
computation into the post-buckling phase smoothly. Where, the
forces in the calculation of the non-equilibrium force equation
come from the nodal reaction forces which are generated by the
incremental displacements. In the end, the nonlinear equation is
solved by using the Newton–Raphson iteration and the dichotomy
method. The dichotomy method is an effective auto-correction for
the failed convergence. This method will divide the time step into
two halves and then restart computation from the last convergent
sub-step when the iteration is divergence. The dichotomy will end
until iteration reaches convergence. In addition, the increment of
displacement loadings is limited to smaller value to satisfy with
the requirement of convergence.
The ﬂowchart of our wrinkling simulation based on the direct
perturbed method is shown in Fig. 2. In fact, the direct perturbed
method is the reﬂection of our MDC method in the simulation.
A 0.1  0.1 m square Kapton membrane model (as shown in
Fig. 3) was selected as the analytical model and the material and
structural parameters are given in Fig. 3 as well. The reasons for
us to choose such a case to do the wrinkling analysis are shown
as follows. As we know, the wrinkles generate when the compres-
sive stress reaches the critical value from the local buckling view
point. In some past studies, the compressive stress is induced by
using some indirect ways, such as the non-uniform tension, edge
shearing, in-plane torsion, bending and so on. We can not com-
press the membrane to wrinkle directly, because of the small thick-
ness and the limited resistance of the compressive stress of theress 
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make the membrane wrinkle. For the case of the tension, the typ-
ical case shape is a standard rectangle with a suitable slenderness
ratio. However, the rectangular case can not meet the condition of
the over-contraction in wrinkling texture direction. That is to say,
the rectangular case can not provide enough material for the wrin-
kling contraction and the out-of-plane deﬂection. In addition, the
membrane is tensioned only in the longitudinal direction so as to
distinctly catch the wrinkling formation and evolution. Based on
these considerations, we use this particular conﬁguration to catch
the detailed wrinkling conﬁgurations.
The shell63 element model (ANSYS code) was used to simulate
the wrinkles in membrane. Such shell element has four nodes and
six freedoms, and it can consider the large rotation and the stress
stiffening effect. The interpolation function of the element is in
the style of a polynomial. A uniform mesh of 1600 shell63 ele-
ments was used to model the whole membrane structure (as
shown in Fig. 3), in order to capture the ﬁne wrinkle details in
the membrane. The nodes of the left and right points were con-
strained through the analysis, and the tension was applied on the
nodes of the upper and bottom short edges, and increased mod-
estly in every load step.
The stress stiffening effect is ﬁrst introduced into our model by
reducing the temperature to 10 C. The ﬁrst-order wrinkling
mode obtained from the eigenvalue buckling analysis is shown in
Fig. 4.
The mode shape is at the millimeter magnitude level. Thus, the
amplitude of the initial imperfection is determined by multiplying
a scaling factor 0.001, which is same as the magnitude of the mem-
brane thickness. This imperfection amplitude is used to control and
measure the out-of-plane forces applied on the membrane surface
in the direct perturbed method. The direction of the distribution of
the out-of-plane forces is applied along the longitudinal tension.XY
Z
X
Y
Z
Fig. 4. The ﬁrst-order wrinkling mode.The region of the distribution of the out-of-plane forces is based
on the ﬁrst wrinkling mode shape. Where, the location of the posi-
tive forces corresponds to the wave crests of the ﬁrst mode and the
location of the negative forces correspond to the wave hollows of
the ﬁrst mode.
In our example, the magnitude of a single out-of-plane force is
set at 0.001 N, which will generate the same magnitude imperfec-
tion with the membrane thickness (four positive forces are
set along the wrinkling wave crest; four negative forces are
set along two-side wrinkling wave hollows in an equal division).
The imperfection conﬁguration along the central x-coordination
is shown in Fig. 5.
The displacement loadings are applied to the tension edges
which range from the initial zero to the ﬁnial 1  103 m. The
wrinkling results under different tension loadings are shown in
Fig. 6.
We should indicate that the above wrinkling results are ob-
tained after removing the imperfections. We found that the out-
of-plane displacements still exist after removing the perturbed
forces corresponding to the 0.05 mm tension displacement loading
case. These out-of-plane perturbed displacements generated by the
perturbed forces will induce the occurrence of the wrinkles with
the increasing tension displacement loadings. In the former parts,-60 -40 -20 0 20 40 60
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Fig. 5. The ﬁrst-order wrinkling mode.
Fig. 6. Wrinkling conﬁguration contour with different tension loadings (tension displacement).
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post-wrinkling characteristics. Here, we perform a comparison of
the post-wrinkling out-of-plane deﬂection with and without initial
imperfections corresponding to the 1 mm tension displacement
loading case. For these two different cases, we plot the out-of-
plane wrinkling defection along the central x-coordination direc-
tion in Fig. 7.
According to the results in Fig. 7, we can obviously observe the
difference in the wrinkling amplitude between these two cases.
The difference mainly occurs at the larger-amplitude wrinkling
wave crests and the wave hollows. The maximum deviation is
1.09 mm which comes from the central largest wrinkling wave
crest. In order to obtain accurate wrinkling results, we can not ne-
glect this deviation generated due to the initial imperfection. In
fact, this deviation is at 12.43% of the central largest wrinkling
amplitude value (8.77 mm), and this deviation is about 22 times
of the membrane thickness.
In addition, we observed the perturbed states (Fig. 6a and b) be-
fore the occurrence of the wrinkling (Fig. 6c). In our analytical case,
we deﬁne that the wrinkles are formed when the out-of-plane
deﬂection reaches the millimeter magnitude, because the mem-
brane thickness in our case is 0.05 mm. Before this condition, we
consider some small and instability out-of-plane defection as the
perturbed deﬂection. That is to say, the formation of the stable con-
ﬁguration is chosen as the criterion on the occurrence of the wrin-
kles. For our computational case, the stable wrinkles occur when
the tension displacement reaches 0.28 mm (Fig. 6c). After this,
the wrinkles concentrate rapidly into the central regions with the
increasing tension loading. The wrinkling numbers, region and
amplitude are increasing with the increment of tension loadings,
while the wrinkle wavelength inversely varies with the tension.
And the wrinkles extend in horizontal and longitudinal directions
simultaneously. Here the number of the wrinkling crests equals
the wrinkling number. In our model, the wrinkling number is
three. The horizontal distance of two adjacent wrinkling crests is
deﬁned as the wrinkling wavelength, which is 1.414  102 m
(corresponding to 1 mm tension displacement loading). The largestout-of-plane wrinkling deﬂection is deﬁned as the wrinkling
amplitude, which is 8.77  103 m. The critical wrinkling loading
is 19.88 N which is corresponding to the 0.28 mm tension displace-
ment (Fig. 6c).
4. Experimental veriﬁcation
The wrinkling experiment based on photogrammetric mea-
surement is performed to verify the wrinkling analysis. Photo-
grammetry is a three-dimensional measurement technique
based on the analysis of two dimensional photographs and the
principles of triangulation. It is a fully non-contact method and
can be used to obtain detailed data on the wrinkling shape
(Wang et al., 2007). The internal photogrammetric processes of
image analysis are the triangulation and three-dimensional data
reconstructions.
There are ﬁve major steps in the photogrammetric measure-
ment: (i) camera calibration; (ii) determination of target; (iii) cam-
era arrangement; (iv) taking photos and image processing; and (v)
post-processing. The camera calibration is used to recompute the
physical parameters in camera. To obtain the accurate test results
of small-amplitude wrinkles in the small-scale structure, we adopt
the printed-dot target (Wang et al., 2007) to capture the wrinkles.
Such targets have merits and can be printed onto the membrane
(as shown in Fig. 8). According to the requirements of the test,
we arranged 1065 dots in the specimen and the distances between
two adjacent cross dots are 2  103 and 4  103 m, respectively.
The diameter of each dot is 6  104 m. In order to capture the im-
age of the detailed wrinkling conﬁguration, we arrange a camera to
take pictures form six different shooting angles (60 angular inter-
val). These pictures are then analyzed using the image-processing
software. The triangulation relationship, using colinearity between
different three-dimensional coordinates in object space and the
two-dimensional image coordinates are fundamental to the photo-
grammetry image processing technique. The tension is performed
on a suitable tensile test machine. The wrinkling results are shown
in Fig. 9.
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Fig. 7. Comparison of the out-of-plane wrinkling deﬂection (with and without
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Fig. 8. Test specimen with the printed-dot targets.
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region. In this region, the wrinkling direction is parallel to the ten-
sion loading. The mark ‘B’ indicates the slack region; in such a
region, the membrane is of the free conﬁguration with zero stress.Fig. 9. Wrinkling experimental resuWe focus on the wrinkling characteristics in the wrinkled region
(mark A). The same wrinkling characteristics are also obtained
from our wrinkling calculation with 1 mm tension loading. Accord-
ing to our test, there are three wrinkling crests, the wrinkling
wavelength is 1.3  102 m, and the wrinkling amplitude is
9.1  103 m. They are very close to the numerical results (wave-
length 1.414  102 m and amplitude 8.77  103 m). The out-of-
plane wrinkling deﬂections on the central cross section from the
experimental results and the wrinkling calculation are compared
in Fig. 10.
According to the comparison, the wrinkling prediction shows
good agreement with the experimental results, and the regions
and distributions of the wrinkles are also consistent. This reveals
that our computational method can obtain the accurate wrinkling
characteristics, and our numerical analysis can simulate the wrin-
kling experiment accurately.
There are little difference between the wrinkling calculation
and the experimental results. The sources of the differences
may include the measurement precision of photogrammetry,
the surrounding test environment, the modeling of the material
model, and the discretization of the ﬁnite element mesh. In
our wrinkling calculation, we assumed the material as an isotro-
pic and elastic continuum. In fact, we can observe that there is a
little plastic deformation in our test, especially in the high ten-
sion cases. For the photogrammetry, the inﬂuences of the sur-
rounding environment on the measurement are important to
obtain a high precision result, including air damping and gravity.
From the view of the ﬁnite-element-based wrinkling calculation,
the mesh density and the number of load steps are two major
factors to inﬂuence our results. We expect a high mesh density
and the number of load steps used in the analysis are sufﬁcient
to obtain the accurate wrinkling shape. However, such a model-
ing is computationally intensive. Furthermore, the photogram-
metry has a 1.8  104 m measurement precision. Thus, the
differences between our experiment and the calculation are rea-
sonable and acceptable.
5. Secondary wrinkling phenomenon
Observed from Fig. 6, we can ﬁnd the obvious wrinkling mode
jumping (corresponding to the variable wrinkling number, wrin-
kling wave and conﬁguration) after the membrane wrinkled. They
occurred near the upper and lower tension boundaries and the
central wrinkling regions. We deﬁne such wrinkling mode jumping
phenomenon as the secondary wrinkling phenomenon. It relates to
the evolution of the ‘‘old” wrinkles and the occurrence of the ‘‘new”
wrinkles.
When the tension displacement loadings are loaded along
two longitudinal short edges, the membrane are tensioned in
the longitudinal direction and compressed in the horizontallts (solid view and side view).
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Fig. 10. Comparison of the wrinkling calculation and experiment.
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tudinal tension and the horizontal compressive will become
greatly non-uniform as the tension increases. Especially in the
post-wrinkling phase, this non-uniform extent will be enlarged
greatly in the central compressed regions and the tension
boundary regions. These non-uniform tensions and compressions
compel the ‘‘old” stable wrinkles to restart to be unstable, be-
cause the stress states will redistribute in the membrane. This
unstable state will follow with the central out-of-plane per-
turbed bifurcation and the occurrence of small amplitude wrin-
kles in two edge tension regions. As the tension loading
increases, the new small wrinkles in the edge tension regions
will extend into the central region. When this expansion enters
into the central non-uniform compressed region, the secondary
wrinkling will occur. The ‘‘new” wrinkles are the outcomes of
this secondary wrinkling.
The secondary wrinkling phenomenon and its evolution can
be observed in our wrinkling simulation results. The secondary
wrinkling characteristics are the basic explanations of the wrin-
kling expansion and evolution in the post-wrinkling phase. The
secondary wrinkling phenomenon and its evolution are marked
in Fig. 11.Fig. 11. Secondary wrinkling and its evolution in the post-wrIn order to verify this phenomenon, we did a tension wrin-
kling experiment with same size and membrane material de-
scribed in Fig. 3. In our test, the specimen is restricted at
horizontal two corners and tensioned in the longitudinal direc-
tion along two short edges by applying the increased displace-
ment loadings. The test results of the out-of-plane wrinkling
deﬂection with the increasing tension loading are shown in
Fig. 12.
According to this test results, we can determine the critical
wrinkling loading is 21.01 N, which is close to the numerical re-
sults (19.88 N). After the critical wrinkling, the wrinkling ampli-
tude increases rapidly which responds to the obvious
concentration in the numerical results (Fig. 6d–f). In the post-wrin-
kling phase, the secondary-wrinkling phenomenon can be obvi-
ously observed. They respond to the great perturbed variation of
the out-of-plane wrinkling deﬂection. The wrinkling evolution
and the secondary wrinkling phenomenon are also shown by com-
paring the different test results, shown in Fig. 13.
According to these test results, we also can ﬁnd that the num-
bers of the wrinkles increase as the tension increases. And they will
stable in three in the post-wrinkling phase, which is same with the
numerical results in Fig. 6.inkling phase (tension displacement and reaction force).
Fig. 12. Out-of-plane wrinkling deﬂection versus the increasing tension loadings.
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Modiﬁed Displacement Component (MDC) method presented
in this paper is a new and accurate wrinkling calculating method
which has been veriﬁed by the experiment. We succeed in
applying the MDC method in the numerical simulation by intro-
ducing a direct perturbed method. In the simulation, we remove  
  
Fig. 13. Tension wrinthe initial imperfection from our model timely to eliminate the
inﬂuence of the imperfection on the post-wrinkling characteris-
tics. In our numerical results, we found the secondary wrinkling
phenomenon and performed a detailed explanation on its
evolution.
Two important conclusions can be made from our studies:
(a) The MDC method can accurately predict the membrane
wrinkling by eliminating the singularity of the displace-
ment component at the wrinkling point. The keys to
the MDC method are the accurate introducing and the
timely removal of the critical wrinkling mode. The
embodiment of the MDC method in the numerical simu-
lation is the application of the direct perturbed method.
The key to the direct perturbed method is to accurately
and quantitatively introduce the out-of-plane forces
based on the ﬁrst wrinkling mode on the membrane
surface.
(b) The secondary wrinkling characteristics are the basic expla-
nations of the wrinkling expansion and evolution in the
post-wrinkling phase. They relate to the wrinkling mode
jumping closely. This phenomenon mainly occurs in the
edge tension and central compression regions corresponding
to the great non-uniform stress distributions. The secondary
wrinkling is ﬁrst induced from the non-uniform tension and
formed ﬁnally in the non-uniform compressed region. The
‘‘new” wrinkles are the outcomes of this secondary
wrinkling. 
 
kling test results.
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